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Pseudoinverse method for modal solutions
of open dielectric waveguides

Hyoungsuk Yoo* and Anand Gopinath
Department of Electrical and Computer Engineering, University of Minnesota,

Minneapolis, Minnesota 55455, USA
*Corresponding author: hsyoo@ece.umn.edu

Received February 17, 2009; revised March 18, 2009; accepted March 18, 2009;
posted March 30, 2009 (Doc. ID 107597); published April 15, 2009

The vector finite-element method in the interior and the boundary integral equation of the exterior domain
are investigated in order to analyze open dielectric waveguides. Boundary conditions are obtained by apply-
ing the continuity of the magnetic and electric fields at the surface of the waveguide. Since both the finite-
element method and boundary integral equations have the final matrices of the form Ax=�Bx, the pseudo-
inverse method with a penalty factor is used. This new method provides the simultaneous solutions of
propagating modes at the operating frequency, and it shows good agreement with previously published re-
sults for the analysis of the rectangular waveguide. © 2009 Optical Society of America
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Since the finite-element method (FEM) was pro-
posed, it has been used for obtaining solutions to
boundary-value problems of closed and open wave-
guides. In particular, when open dielectric wave-
guides, which are becoming increasingly essential be-
cause of their application to integrated optical trans-
mission systems, are analyzed difficulties arise be-
cause the fields decay outside. Therefore, to repre-
sent the decaying fields properly is the most impor-
tant concept in open-boundary problems. The general
approach in commercial softwares is to set artificial
magnetic or electric walls with absorbing boundaries
at some wavelength distance from the waveguide. In
this case, an excessively large domain needs to be in-
vestigated, and it results in many modes that need to
be sorted from nonphysical or complex solutions.

Open-waveguide problems have been solved by
several numerical techniques [1–4]. Williams and
Cambrell [1] and Su [2] have used the method of mo-
ments and the FEM, respectively. The boundary inte-
gral equations (BIE) from the Green’s second identity
obtains the external magnetic fields with open
boundaries. In the general FEM, the fields are de-
scribed by values at nodes in a mesh, and this nodal-
based FEM usually generates spurious modes. To
overcome this disadvantage, the combination of edge-
element-based vector FEM, together with the BIE,
has been utilized in our recent two papers [5,6].
These papers divided the open waveguide into inte-
rior and exterior regions and used the edge-element-
based FEM and Green’s theorem for the open-
boundary value problem. Both approaches have the
final matrices of form Ax=�2Bx, where � is the
propagation constant, and the procedures to find the
modal solutions are different. The first paper [5] used
an iterative method with the singular value decom-
position (SVD), which finds the solutions iteratively
until the difference of trial value and final value con-
verges to a neglibibly small value. Although this pro-
cess provides very accurate solutions and also shows
the zero cutoff of the fundamental mode, it requires

at least two or more iterations to obtain the final so-
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lution. To avoid iterations, the second paper [6] pro-
posed adding the boundary operator matrix to the
FEM matrix. This method only added equations for
the continuity of the transverse magnetic fields
across the open boundaries with a penalty factor.
However, the penalty factor needs to be changed for
analyzing different modes, and the accuracy is not as
high near cutoff frequencies.

The pseudoinverse method proposed in this Letter
eliminates iterations and obtains better results. The
technique produces accurate solutions of the modes
at a chosen frequency. The results obtained with this
technique for open-square dielectric waveguides is
compared with well-known numerical solutions of
Goell [7] and Marcatili [8], and with the results from
our two previous papers [5,6].

The time-harmonic and source-free Maxwell’s
equations are written as

� � E + j��H = 0, �1�

� � H − j��E = 0, �2�

assuming �, � to be piecewise continuous, and � is
angular frequency. Substituting Eq. (2) into Eq. (1),

� � � 1

�r
� � H� − k0

2�rH = 0, �3�

where H are the unknown magnetic fields and denote
H=Ht+ jz�Hz. The parameters �r and �r are respec-
tively the relative dielectric permittivity and the
relative magnetic permeability. For the detailed
finite-element formulation, refer to [9,10], and the
FEM eigenvalue equation is obtained as

�Ltt 0

0 0��ht

hz
� = − �2�Rtt Rtz

Rzt Rzz
��ht

hz
� . �4�

The order of the square matrices �L� and �R� is �e
+n��e+n�, where e and n is the number of the edges
and the nodes, respectively. Since Eq. (4) satisfies the

problem with the implicit outer boundary condition,
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the solution � as an eigenvalue is sufficient for the
closed-waveguide analysis such as coaxial cables and
wave-guiding structures with metal enclosures.

For the open-waveguide problem, the relationship
between the exterior and interior region fields are de-
rived by the scalar Green’s theorem, for all three
components. Green’s second identity may be written
as

H�r� = 	
C
�H�r0�

�G�r,r0�

�n
− G�r,r0�

�H�r0�

�n �dr0,

�5�

where G�r ,r0�=K0��
r−r0
� for the guided mode, �

=��2−k0
2, and K0 is the modified Bessel function of

the second kind. Substituting in Eq. (5):

H�r� =
1

	
�



�H�r0�

�K0��
r − r0
�

�n

− K0��
r − r0
�
�H�r0�

�n �dr0, �6�

where 	 is the exterior angle of the boundary at the
singular point r0.

The outer boundary conditions, which are the con-
tinuity of Etangential and Htangential, need to be imposed
at the surface of the waveguide. Note that the exter-
nal fields have the form H�r�K0��
r−r0
�, and the
Etangential is derived from these where �2=�2−k0

2. The
continuity of Ex and Ez is applied on the horizontal
walls, while the continuity of Ey and Ez is applied on
the vertical walls. Therefore, each wall has the conti-
nuity of Hx, Hz, Ex, and Ez for the horizontal walls
and the continuity of Hy, Hz, Ey, and Ez for the verti-
cal walls. In Fig. 1, boundary conditions are illus-
trated with a simple mesh on the cross section of a
rectangular dielectric waveguide.

Fig. 1. (Color online) Cross section of a rectangular wave-
guide, and it is discretized by 14 triangular elements. In
this simple mesh, the number of nodes n and edges e are 12
and 25, respectively. Eight triangular elements, which are
elements 1, 2, 7, 8, 10, 12, 13, and 14, are involved in

boundary conditions.
The iterative method with SVD and the penalty
function method have been used with the boundary
conditions at the surface of the waveguide [5,6], re-
spectively. These approaches have the advantages of
eliminating nonphysical solutions by using edge ele-
ments and minimizing the domain needed to be dis-
cretized by imposing boundaries at the surface of
waveguides. However, both methods have the same
limitation, that not all modes are obtained simulta-
neous for a given frequency. To overcome this while
retaining the advantages of the two previous meth-
ods, the pseudoinverse method with a penalty factor
is proposed in this section.

The continuities of Htangential and Etangential lead to
the boundary condition matrix

�BL��ht

hz
� = �2�BR��ht

hz
� , �7�

where �BL� and �BR� are a rectangular matrix and
have the order of b�e+n� and b is the number of
boundary conditions. The asymptotic form K0��
r
−r0
�−ln��
r−r0
� for �
r−r0
�1 is used to have the
identical matrix form of Eq. (4). Instead of adding the
boundary operator [Eq. (7)] to the generalized eigen-
value matrix [Eq. (4)], concatenate �BL� and �BR� to
the the matrix of Eq. (4) with the penalty factor p as
formulated in Eq. (8):

�
Ltt 0

0 0

pBL
��ht

hz
� = �2�

− Rtt − Rtz

− Rzt − Rzz

pBR
��ht

hz
� . �8�

The new eigenvalue problem [Eq. (8)] cannot be
solved, because it is a rectangular matrix. Therefore
the generalized inverse or called pseudoinverse is
used to rearrange it as

��A� − �2�I���ht

hz
� = 0, �9�

Fig. 2. (Color online) Dispersion characteristic of the first
two modes of a square waveguide [W=L, �r �=�1 / �2 �=1.01].
Note that solutions of each modes are obtained simulta-
neously at the operating frequency by using the pseudoin-
verse method with a penalty factor. The penalty factors of

0.5–0.6 were used for all the simulations.
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where

�A��e+n��e+n� = �
− Rtt − Rtz

− Rzt − Rzz

pBR
�

−1

�
Ltt 0

0 0

pBL
� . �10�

Note that the pseudoinverse is computed using the
singular value decomposition technique. The charac-
teristic equation of the matrix �A� is an �e
+n�th-degree polynomial equation det��A�−�2�I��=0,
and the eigenvalues of �A� are obtained by solving the
characteristic equation for �2 with the penalty factor
raging from 0 to 1. The penalty factor of 0 eliminates
the outer boundary conditions, while the penalty fac-
tor of 1 fully includes it.

To examine the accuracy and comparison of the
proposed method, a rectangular dielectric waveguide
that is lossless and invariant along the z direction
was analyzed to determine the propagating modes.
The results are presented in normalized values:

V = k0W��1 − �2�1/2/�, B = ��2 − �2k0
2�/��1 − �2�k0

2,

where V is the normalized frequency and B is the
normalized propagation constant. �1 is the permittiv-
ity in the interior of the guide, and �2 is in the exter-
nal region which is normally free space ��2=1�.

To compare the results with previously published
papers, the following parameters were used: the per-
mittivity ratio was �r �=�1 /�2�=1.01, and the cross
section was square with L=W. In the present finite-
element calculation, 930 triangular elements were
used, and these have 1435 edges and 506 nodes. As
shown in Fig. 2, the results of this Letter are com-
pared with those of Goell [7] and Marcatilli [8] and
show good agreement. To determine the penalty fac-
tor, we solve Eq. (9) with varying the penalty factor
between 0 and 1 by the steps of 0.1 after the normal-
ization of Eq. (7). The penalty factors of 0.5–0.6 were
used for all the simulations. The difference of choos-
ing the penalty factor is that the previous method [6]
requires the different penalty factor depending on

Table 1. Comparisons o

Procedure
Size

Final

Iterative method
with SVD

Nullspace with
iterations

Less
�e+n�

Penalty function
method

Adding matrices with
a penalty factor

�e��

Pseudoinverse with
a penalty factor

Pseudoinverse with
a penalty factor

�e+n�
the modes, whereas the proposed method provides
the first two modes with the same penalty factor.
Therefore, the pseudoinverse method with a penalty
factor, solutions of many modes may be obtained si-
multaneously for a fixed value of V, but only two of
these solutions are displayed in this figure. In addi-
tion, near the cutoff frequency for each mode, the
agreement with Goell is better than the penalty func-
tion method [6], because continuities of all the trans-
verse and longitudinal fields have been imposed.
Since most of the computer run time depends on solv-
ing the eigenvalue equation this pseudoinverse
method is faster than the iterative method with SVD,
which requires the iterative procedure. More com-
parisons are summarized in Table 1.

In summary, a new pseudoinverse method using a
combination of the FEM with a boundary integral
equation with a penalty factor has been developed to
obtain the solutions of propagating modes of open di-
electric waveguides. The method has been demon-
strated to have results that compare very well with
previous published ones, and it also obtains simulta-
neous solutions of the various modes of a rectangular
dielectric waveguide.
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