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Analysis of Open Waveguides Using
the Finite-Element Method and

Boundary Integral Equations
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Abstract—To analyze dielectric waveguides, an iterative proce-
dure coupling the finite-element method in the interior to an inte-
gral equation of the exterior domain is developed. The robustness
of this method is confirmed by the numerical results presented in
this paper and corresponding the computation of the propagation
constant.

Index Terms—Convergence, Green’s theorem, singular value
decomposition.

I. INTRODUCTION

SINCE open waveguides such as optical fibers, unshielded
microstrip lines and various dielectric waveguides have

gained increasing use, many numerical methods have been
investigated for potential applications in optical transmission
technologies [1]–[6]. In particular, most commercial software
uses the beam propagation method (BPM) for modeling inte-
grated and fiber-optic devices [7]. For the modal properties of
the optical waveguide, the imaginary distance BPM does not
work well with high contrast, and small waveguides. Solution
to this is to use the finite-element method (FEM), but this
requires an enclosure of either perfect electric or magnetic
conductor walls. The problem with this approach is that the
walls need to be sufficiently far from the dielectric waveguide
so as not to perturb the modes. Thus, the analyzed guide
structure cross section is large, and the dielectric guide mode
number is large, which causes a reduction in the accuracy of
the eigenvalue and corresponding eigenvectors. Here also, the
identification of the correct mode requires scanning through
several eigenvector modal plots. The more realistic alternative
is to use an absorbing or perfectly matched boundary condition,
which results in complex eigenvalues and vectors which are
nonphysical, which is due to these boundary conditions.

Su [4] has used the transverse field formulation in the FEM
with nodal elements, the frontal method is used in the process
of matrix assembly, and the propagation constant is determined
in an iterative search procedure. Rogier et al. [5] have devel-
oped the transverse and longitudinal or field formulation,
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and imposed the continuity of the tangential or field. Sim-
ilar to [4], to solve the FEM-boundary integral equations (BIE)
problem, they used a modified version of the frontal method
which eliminates internal finite-element variables. Eliseev et al.
[6] use a scalar formulation, however, an iterative procedure is
required to obtain the dispersion characteristics from the linear
generalized eigenvalue problem. In general, these techniques
use the nodal based FEM for applying the continuity of
or , and boundary conditions are applied to all regions of
interest.

To overcome these disadvantages for modal solutions, the
combination of the FEM-BIE has been utilized. In this paper, the
FEM with edge elements and boundary integral equations are
used to solve the open dielectric waveguide problem. The wave
equation results in a generalized eigenvalue equation which has
full rank matrix and the propagation constant as the eigen-
values. Since only the natural boundary condition is represented
in the wave equation, it is necessary to use Green’s theorem to
represent the exterior region fields in terms of the interior region
fields, and then impose boundary conditions at the interface,
which require that the tangential and fields are continuous.
This results in a boundary operator matrix, which is rectangular,
and also contains the propagation constant . Any solution re-
quires that both the wave equation matrix and the boundary op-
erator matrix are satisfied simultaneously. The solution is found
by an iterative method, in which an initial trial value of ob-
tains the rectangular boundary matrix. This is then solved using
singular value decomposition to obtain the null space, and the
null vectors are used to reduce the size of the wave equation
matrix. In most cases, only three or four iterations are enough
to converge to the solution.

A new method is presented for the analysis of open rectan-
gular dielectric waveguides, and compared with the previous re-
sults. There are no previous reports to the best of our knowledge,
of using the edge element formulation with boundary integral
equations for open waveguides. The separation of the boundary
operator matrix from the governing equation, and the use of
the null matrix vectors has not been previously reported in this
context.

II. FORMULATION

To solve the boundary-value problem for the full-wave anal-
ysis of open waveguides, it is necessary to start from Maxwell’s
curl equations

(1)

(2)
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Fig. 1. Cross section of a rectangular waveguide and one triangular element. The dashed line represents an open boundary which requires� � � .

A. Vector FEM

For the FEM, substitute (2) into (1) to obtain the following
equation:

(3)

where is the wavenumber in
free space, are the relative permittivity and permeability,
respectively. Using the Galerkin method, multiply (3) by
and using the vector identity

, (3) simplifies to

(4)

Integrating over the surface S which denotes the cross section
of the structure at (4), gives

(5)

also

(6)

The right-hand side of (6) is the natural boundary condition
which may be ignored, and assuming the -dependence is of
the form , where is the propaga-
tion constant, this equation becomes

(7)

where denote the transverse and longitudinal magnetic
field, respectively. In practice, solving for the propagation con-
stant with the specified operating frequency is preferred. There-
fore, to alleviate the difficulty of solving (7) for , the following
transformation of variables is introduced:

(8)

Fig. 2. Flowchart of the iterative method to find accurate solution. The toler-
ance should be smaller than �� .

Since the above technique requires transverse and longitudinal
components to solve the vector wave equation, edge-based ele-
ments for the transverse components and the conventional node-
based interpolation elements are used in the FEM [8].

Substituting from (8) in (7), the generalized eigenvalue
problem becomes

(9)

where and are square matrices. The eigenvector con-
sists of the transverse and longitudinal components.

B. Boundary Conditions

The solutions of (9) are not sufficient to obtain the propa-
gation constants for open waveguides because the boundary
conditions between the exterior and interior region need to
be imposed. Since the FEM represents the interior fields, the
boundary condition is imposed by the scalar Green’s theorem,
for all three components of fields, is to obtain the exterior fields.
This equation takes the form

(10)
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Fig. 3. Dispersion curves of the first four nondegenerate modes of a rectangular waveguide. The dots are Goell’s computer solutions of the boundary value
problem.

where for the guided mode,
is the modified Bessel function of the second

kind. This integration involves a singularity, and the principal
value is used. Note that the external field for this equation has
the form .

The matrix equation (9) is to be solved in a subspace whose
vectors satisfy the outer boundary condition, which are the con-
tinuity of and . The continuity of both
these terms forms the boundary matrix. The continuity of
and is applied on the horizontal walls and the vertical walls
respectively, while the continuity of is applied on the both
walls. The three components of (2) may be reduced to the fol-
lowing with the transformation of variables in (8) as

(11)

Now, the boundary conditions to be satisfied require
at the surface of the waveguide (see

Fig. 1). is obtained by the edge and nodal elements
from (11), but requires that the magnetic fields
obtained from (10) be used.

Evaluating the boundary conditions results in a nonfull rank
matrix equation of the form

(12)

However, the evaluation of the terms of with unknown,
leads to a boundary condition matrix of the form

(13)

Note that is obtained in terms of through (10).
Solving the full rank matrix (9) and the nonfull rank matrix

(13) for simultaneously is difficult, and therefore an itera-
tive method was used.

C. Iterative Method

An iterative method is used to find an accurate solution for
with an initial trial value. Since the value of is a trial value,
the boundary operator equation (13) may now be written as

(14)

where a rectangular matrix. Using the singular value decom-
position method the vector is expressed by the nullspace
of (14) and the new vector of the reduced unknowns [9]

(15)

Substituting (15) into (9) and premultiplying both sides by
results in

(16)

where and . Finally,
the new generalized eigenvalue problem constrained by the
boundary conditions is now established and solved for .
The eigenvectors from (16) are substituted (15) to obtain .
Solving for the value of from this matrix provides the new
trial value for the iteration, until the process converges. Fig. 2
shows the procedure which makes the solution to converge
systematically.

D. Green’s Theorem at Cutoff Frequency

Near cutoff, is small. In this situation, the
near zero expansion of is used in the boundary
operator equation, and convergence is slow.
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III. NUMERICAL EXAMPLES

The above method was applied to the rectangular dielectric
waveguide to find the propagating modes. The results are pre-
sented in normalized values

where is the normalized propagation constant and is the
normalized frequency, the index in the interior of the guide
and is the external region which is usually free space. Fig. 3
shows the dispersion characteristics for the case and
relative permittivity . Good agreement
is obtained with the results of Goell [3], which were obtained by
the expansion of the electromagnetic field in terms of circular
harmonics. Note that the results of [2] show a cutoff, when

for the fundamental mode. However, Goell [3] shows that
this mode should have no cutoff, which is similar to the
for the the step index fiber. The results obtained by this method
are shown in Fig. 3 confirm the zero cutoff of the lowest order
mode.

IV. CONCLUSION

A new method which combines the finite-element technique
with boundary integral equation is used to evaluate the disper-
sion characteristics of open boundary structures. To find the cor-
rect solutions, an iterative method is used with the wave equa-
tion and the boundary condition matrices. Excellent accuracy of
the technique has been demonstrated through the evaluation of

for a rectangular dielectric waveguide. The zero cutoff of the
lowest order mode has also been obtained.
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